Sequence Modelling

Rich Turner and José Miguel Hernandez-Lobato
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Goals of sequence modelling

Predict future items in sequence

p(ytlyl,---,yt_l)

Remove noise from a sequence
P(Y1s - Yilyrs - ye)
Predict one sequence from another
P - Yelyns - ye)

Discover underlying latent variables

p(xla"'axt|y17"'7yt)
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Markov models

First order Markov
Py, y2,3, - yr) = p(Y1)p(yely)p(yslye) - - p(yrlyr—1)



Markov models
parameters tied 4—~ OO number of variables

. finite number of
First order Markov { 1 parameters

Py, Y2, 3, - yr) = pW1)p(Wely)p(yslye) - - p(yrlyr—1)



Markov models

parameters tied 4—~ OO number of variables

. finite number of
First order Markov parameters

p(y17y2,y3, e ,yT) = p(yl)p(yzlyl)p(y3|y2) .- -p(yT|yT—1)

Markov model = conditio

{
future "‘Vyt—i—lJ_

T=¢
PLQH'Q,L ‘3 ‘étf) Fl'éwPlﬁq_\‘ﬁ\flﬁs\‘h%\) lu‘f \13 M>

Matlaly 1 bgkion
l:e-l = l,l,'}’--',t-\

independence relationship + product rule

independent of past

Yt ®—given present yl T Hp yt|y1 t— 1
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Markov models
parameters tied 4—~ OO number of variables
. finite number of
First order Markov { 1 parameters

Py, Y2, 3, - yr) = pW1)p(ely)p(yslye) - - p(yrlyr—1)

OO ~®

Markov model = conditional independence relationship + product rule

independent of past

f“t“reqyt+1Ly1:t—1|yt y1 T Hp yt|y1 t— 1

"\given present
Second order Markov
p(Y1,Y2,Y3, -+, yT) p(y2ly1)p(ysly2, y1) - . p(yrlyr—1, y7-2)

3@



Markov models for discrete data: n-gram models

First order Markov (bi-gram)
(Y1, Y2, Y3, - - y7) = P(Y1)p(Y2|y1)p(yslye) - - - P(yrlyr—1)

O-@-O ~®

Y € {1,4--,K} plyr = l:) = plyr = kl%/t—l =1) =Ty,

A
discrete states initial state probabilities transition probabilities
(stochastic matrix)

Sy Ty =1

Second order Markov (tri- gram)
(Y1, Y2, Y3, - YT) p(y2ly1)p(ysly2, 1) - - p(yr|yr—1, yr—2)

Pyt = klyi—1 = Lyi—o =m) = Trum
@ @ @ n-grams require large

multidimensional arrays



Some questions about n-gram models

First order Markov (bi-gram)
y€{l,.., K} plyr=Fk =m Yy =klye—1 =1) = T,

Q1. How can we compute the marginal distribution over the second state?

PUY, <L) = Pt 18,=k) puy=ie) = 3 Ty w2
L — v i

P,y = 11° \\\\s///f



Some questions about n-gram models

First order Markov (bi-gram)
ye{l,..,K} pyi=Fk =m0 Yy =klyer =1) = T,

Q1. How can we compute the marginal distribution over the second state?

plya = k) = S0 plye = klyr = Dp(ys = 1) = 1, Thogm?



Some questions about n-gram models

First order Markov (bi-gram)
y€{l,.., K} plyr=Fk =m0 Yy =klye1r =1) = T,
Q1. How can we compute the marginal distribution over the second state?
ply2 =k) = le; p(y2 = klyr = Dp(yr = 1) = Zlfi1 Tyamy

Q2. How can we compute the stationary distribution for the Markov chain?
W
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Some questions about n-gram models

First order Markov (bi-gram)
y€{l,.., K} plyr=Fk =m Yy =klyer =1) = T,
Q1. How can we compute the marginal distribution over the second state?
ply2 = k) = 205, ply2 = Flyr = Dplyn = 1) = 245, Tearf
Q2. How can we compute the stationary distribution for the Markov chain?

plye = k) = S0 p(ye = klye—1 = Dp(ys—1 = 1)



Some questions about n-gram models

First order Markov (bi-gram)
ye € {1, K} plp=k)=m  plyr = klger =1) = Tiy
Q1. How can we compute the marginal distribution over the second state?
Yz = k) = S5, ply2 = klys = Dp(yn = 1) = S0, Tgrf

Q2. How can we compute the stationary distribution for the Markov chain?

p(yt = k) = lei1 p(yt = k|yt_1 = l)p(yt_l = l) eigenvectors of

K transition matrix
co __ o) with eigenvalue = 1
T =221 T, o



Some questions about n-gram models

First order Markov (bi-gram)
ye{l,..,K} plyi=Fk =m0 py:=klyi1r =1) = T,
Q1. How can we compute the marginal distribution over the second state?
Yz = k) = S5, ply2 = klyn = Dp(yn = 1) = S0, Tarf
Q2. How can we compute the stationary distribution for the Markov chain?
Py = k) = 31y p(ye = klyr1 = Dp(ye—1 = 1) eigenvectors of

® transition matrix
oo __ os) with eigenvalue = 1
T =D =1 T g

Q3. Which transition matrix is most compatible with the following sequence?

ABAAAB BABCCCBC 'State Transition Diagrams'

2) 0.4 0.2 0.66 3) 0.4 0.2 0.25

' 0.6 ' 0.4

(2
(MO

0.4 0.75

p(ye =Blye-1 =A)




Some questions about n-gram models { A sl 35 6 @
oute b | %] \slwr (5
First order Markov (bi-gram) o ol 1/, 3

ye€{l,..,K} plyi=k) ==} by =klye1=1) = Th,
Q1. How can we compute the marginal distribution over the second state?

ply2=k) = lei1 p(y2 = klyr = Dp(y1 =1) = 2521 Tyamy
Q2. How can we compute the stationary distribution for the Markov chain?

p(ye = k) = Z{il p(yr = klyi—1 = D)p(ys—1 = 1) eigenvectors of

transition matrix

ﬂ.go — E{il Tk,lﬂ'loo with eigenvalue = 1
Q3. Which transition matrix is most compatible with the following sequence?
,ABAAABBABCCCBC 'State Transition Diagrams'

P(ye =Blyi—1 =A)




Example application of n-grams: text modelling for dasher

this_is_a_demo

http://www.inference.phy.cam.ac.uk/dasher/ https://www.youtube.com/watch?v=nr3s4613DX8


http://www.inference.phy.cam.ac.uk/dasher/
https://www.youtube.com/watch?v=nr3s4613DX8

Markov models for discrete data: n-gram models

First order Markov (bi-gram)
(Y1, Y2, Y3, - - y7) = P(Y1)p(Y2|y1)p(yslye) - - - P(yrlyr—1)

O-O-@~®

Yt € {1’4'"7K} p<y1 = l:) = 7T](3 p(yt = k‘yt—l = l) = Tk,l

discrete states initial state probabilities transition probabilities
(stochastic matrix)

K
>kt Ty =1
Second order Markov (tri- gram)

P(Y1,Y2, Y35 - - - YT) p(yaly)p(yslyz, y1) - - p(yrlyr—1, Y7 -2)

Pyt = klye—1 = Lyr—2 =m) = T im
@ @ @ n-grams require large

multidimensional arrays



Markov models for continuous data: Auto-Regressive (AR) Gaussian models

First order Markov (AR(1))
(Y1, Y293, y7) = p(y1)p(Y2|y1)p(Ysly2) - . - p(yr|yr—1)

O-@-@~®

yw €RP p(y1) =Gy p0,Z0)  P(Welye-1) = G(ye; Aye-1, %)
continuoug vector states initial stat4e density trans+ition density
Gy 1,%) = Gy o0 { 3w — ) =y - )}
Second order Markov (AR(2))
(Y1, Y2, Y3, - YT) p(y2ly1)p ys\yz,yl) pYrlyr—1,y7-2)
PYelye—1,yt—2) = G(yr; Mye—1 + Aoyr—2, ¥)
>:@ joint distribution over all variables

is always multivariate Gaussian



Markov models for continuous data: Auto-Regressive (AR) Gaussian models

First order Markov (AR(1))
ye € RV p(uelye-1) = G(ys; Aye—1,0%) A =0.9 o2 =0.01

50 100 150 200 250 300
time /samples

Second order Markov (AR(2))
gy €RY pWelye—1,ye—2) = G(ye: Mye—1 + Aayi—2,0°)
A1, Ag] = [1.57,—0.78] o2 = 0.01

0.5

05

T T T T T
50 100 150 200 250 300
time /samples



Markov models for continuous data: Auto-Regressive (AR) Gaussian models

First order Markov (AR(1))
ye € R pWelyi—1) = G(ye; Me—1,0%) A =0.9 02 =0.01

y
1
T T T T

T T T T T
50 100 150 200 250 300
time /samples

What is the stationary distribution of this process? p(yoo): ?



Markov models for continuous data: Auto-Regressive (AR) Gaussian models

First order Markov (AR(1))
ye € RV pWelyi—1) = Gy Ae—1,0%) A =0.9 02 =0.01

T T T T T
50 100 150 200 250 300
time /samples

What is the stationary distribution of this process? p(yso)= 7

Everything is linear Gaussian => must be Gaussian P(Yoo)= G (Yog; fhoos T2



Markov models for continuous data: Auto-Regressive (AR) Gaussian models

First order Markov (AR(1))
ye € RV pWelyi—1) = Gy Ae—1,0%) A =0.9 02 =0.01

) y
1
T T T T

T T T T T
50 100 150 200 250 300
time /samples

What is the stationary distribution of this process? p(yso)= 7

Everything is linear Gaussian => must be Gaussian P(Yoo)= G (Yog; fhoos T2

Y = Ayp—1 + o€ €, ~ G(0,1)



Markov models for continuous data: Auto-Regressive (AR) Gaussian models

First order Markov (AR(1))
ye €RY p(yelyi—1) = G(ye; Aye—1,0%2) A =0.9 02 =0.01

T T T T T
50 100 150 200 250 300
time /samples

What is the stationary distribution of this process? p(yoo)z ?

Everything is linear Gaussian => must be Gaussian p(yoo): g(yoo; Moo Ugo)

Ys = M\ys_1 +oer €6 ~ G(0,1)
Mean: <'yTt> = (3 +0E D = XD F 04D
- (V]
Elae) =2 q_i'b

’Amzxfkn ;7/'(“:0



Markov models for continuous data: Auto-Regressive (AR) Gaussian models

First order Markov (AR(1))
vy €ERY  p(yelye—1) = G(ye; Aye—1, 02)

A=0.9 o%=0.01

T T T T

T T T T T
50 100 150 200 250
time /samples

What is the stationary distribution of this process? p(yoo): ?

Everything is linear Gaussian => must be Gaussian p(yoo): g(yoo; Moo ago)

yr = \yr_1 + o6 ¢ ~ G(0,1)
(ye) = Mys—1) +0(€er) =0

Mean:



Markov models for continuous data: Auto-Regressive (AR) Gaussian models

First order Markov (AR(1))
ye €RY  p(yelyi—1) = G(ys; Aye—1,02) A =0.9 o2 =0.01

T T T T T
50 100 150 200 250 300
time /samples

What is the stationary distribution of this process? p(yoo): ?

Everything is linear Gaussian => must be Gaussian p(yoo): g(yoo; Moo Ugo)
Y = A\ys—1 + o€ €2 ~ G(0,1)
Mean:  (y:) = Myi-1) +0ole) =0 proo =0



Markov models for continuous data: Auto-Regressive (AR) Gaussian models

First order Markov (AR(1))
yr € RY  p(yelye—1) = Gy Aye—1, 02) A=0.9 ¢2=0.01

50 100 150 200 250 300
time /samples

What is the stationary distribution of this process? p(yoo): ?

Everything is linear Gaussian => must be Gaussian P(Yoo)= G (Yog; fhoos T2
Ye = \yi—1 + 06 €~ G(0,1)

Mean: (Ye) = Myp—1) +ole) =0 Poo =0

Variance: (yf}



Markov models for continuous data: Auto-Regressive (AR) Gaussian models

First order Markov (AR(1))
yr € RY  p(yelye—1) = Gy Aye—1, 02) A=0.9 ¢2=0.01

time /oamples
What is the stationary distribution of this process? p(yoo): ?
Everything is linear Gaussian => must be Gaussian P(Yoo)= G (Yog; fhoos T2
Y = Nye—1 + o€ €, ~ G(0,1)
Mean: (Ye) = Myp—1) +ole) =0 Poo =0

variance:  (y2) = ((A\ys_1 + 0€r)?)



Markov models for continuous data: Auto-Regressive (AR) Gaussian models

First order Markov (AR(1))
yr € RY  p(yelye—1) = Gy Aye—1, 02) A=0.9 ¢2=0.01

time /oamples
What is the stationary distribution of this process? p(yoo): ?
Everything is linear Gaussian => must be Gaussian P(Yoo)= G (Yog; fhoos T2
Y = Nye—1 + o€ €, ~ G(0,1)
Mean: (Ye) = Myp—1) +ole) =0 Poo =0

variance:  (y2) = ((\ys_1 + 0€:)?) = N2 {y2 ) +2X oy _16:) + o2 {e?)



Markov models for continuous data: Auto-Regressive (AR) Gaussian models

First order Markov (AR(1))
v € RY  p(yelye—1) = G(ye; Aye—1, 02) A=0.9 02=0.01

T T T T T
50 100 150 200 250 300
time /samples

What is the stationary distribution of this process? p(yso)= 7
Everything is linear Gaussian => must be Gaussian P(Yoo)= G (Yog; fhoos T2
Yt = \yr—1 + o€ € ~ G(0,1)
AMyt—1) +o{er) =0 foo =0
variance:  (y7) = ((Aye—1 + 0er)®) = N (yi 1) +2X o{ye—1e) + 0% (e7)
(yi) = A (yi_)+o”

Mean: (ye)



Markov models for continuous data: Auto-Regressive (AR) Gaussian models

First order Markov (AR(1))

ye € RY  p(yelyee1) = Gye; M\ye—1, 02) A =0.9 o2 =0.01

T T T T T
50 100 150 200 250 300
time /samples

What is the stationary distribution of this process? p(yoo): ?

Everything is linear Gaussian => must be Gaussian P(Yoo)= G (Yog; foo,
Yt = \yr—1 + o€ € ~ G(0,1)

Mean: (yr) = Myi—1) +0o{e) =0 oo =0

%)

Variance: (y2) = ((Aye—1 + 06r)?) = N2 (y2_ )—1—2)\ o{yi_16t) + 02 (€?)

(y?) = N {y? )+ 02 o2 = N%02 + o2



Markov models for continuous data: Auto-Regressive (AR) Gaussian models

First order Markov (AR(1))
v € RY  p(yelye—1) = G(ye; Aye—1, 02) A=0.9 02=0.01

What is the stationary distribution ;:ef;im;)le;rocess? P(Yso)= 7
Everything is linear Gaussian => must be Gaussian P(Yoo)= G (Yog; fhoos T2
Y = Nyp—1 + o€ €4~ G(0,1)
Mean: (yr) = Myi—1) +0o{e) =0 oo =0
Variance: (y7) = ((Aye—1 + oe)?) = N (yi >+2>\ o(yr—1e) +0*(€])
2
b

<y > = )\2<yt2,1>+ o O' )\ + 0- 0-2 —_ o
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Example application of Markov Models: pendulum swing up control problem




Hidden Markov models

Real data depend on latent variables @ @ @
g
latent
ASR Markov model

2 phonemes/words @ @
Y waveform/feature observed ~>

data

Computer Vision T
X objects, pose, lighting p(yllT’ xliT H (xtlxt 1 (yt|$t)
Y image pixel intensities t=1

marginalise latents
Natural Language Processing
X topics
OXOLO0
Two prevelant Examples: (y1 T

fully connected
Hidden Markov Models (discrete )

Linear Gaussian State Space Models (Gaussian Z and V)



Hidden Markov models: discrete hidden state

Discrete Hidden State
oo NONOSC
T € { g eeny }

Markov model

p(xt = klwt—l = l) = Tk’l observed ~ % @ @ @

E.g. in examples below K =2 data

0.9 0.1 T
T = _

0.1 0.9 prr,zir) = [ [ pl@dlze—1)p(yela:)
Continuous Observed State t=1

p(yelze = k) = G(ys; pre, Ze)

p =3 o = —3 (rf:(r%:l

o 0 &
time /samples.



Hidden Markov models: discrete hidden state

Discrete Hidden State
s o 2 @D-E~®
Ty € { yeeny }

Markov model

p(xt = klxt—l = l) = Tk, observed <> @ @ @

E.g. in examples below K =2 data

0.9 0.1 T
T = _

0.1 09 p(yrr, 21.1) = Hp($t|$t—1)]9(yt|$t)
Continuous Observed State t=1

p(yelre = k) = G(ye; pir, X)

=3 p2=-3 oc?=03=1 21

L e e

T T T T T T T T T

w 50
time /samples

Discrete Observed State

p(yy =l|lxy = k) = Sk ABBBBAAABAAACCCCCBBBBBBCCCCCCCCCCC
’ AAABBBBAABAAABBCCCCCCCCCCCCCCCCBBA
05 0 AACCCCCCBABCCCCCCCAABBAABABCCCCC
S=105 0
0 1



Hidden Markov models: discrete hidden state

Discrete Hidden State, Continuous Observed State @
Ty € {1, o K}

pler=k=m ()
p(xt = k|33t—1 = l) = Tk,l

p(ng‘t = k) = G(ys; pr, S

ConsiderT=1

S“M M‘L r(ol\d"

"
11 = 2 s ) 2 draies




Hidden Markov models: discrete hidden state

Discrete Hidden State, Continuous Observed State @
Ty € {1, ceey K}

p(x1 = k) =7 @

p(xt = k?|513t—1 = l) =Tk,
ConsiderT=1
p(yelze = k) = Gy b, Sie)

Q1: What type of distribution is p(yl) ?
p(y1) = 2 p(yrlz1 = k)p(ar = k)



Hidden Markov models: discrete hidden state

Discrete Hidden State, Continuous Observed State @
Ty € {1, ceey K}

p(x1 = k) =7 @

p(xt = k?|513t—1 = l) =Tk,
p(yelze = k) = G(ys; pre, X))

ConsiderT=1

Q1: What type of distribution is p(yl) ?
p(y1) = 2 p(nlzy = k)p(ar = k) = 32, mG (ys; e, Ti)



Hidden Markov models: discrete hidden state

Discrete Hidden State, Continuous Observed State @
Ty € {]_, ceey K}

plx1 =k) =} @

p(xy = k|lzg—1 =1) =Ty
ConsiderT=1
p(yelze = k) = Gy b, Sie)

Q1: What type of distribution is p(yl) ?
py1) = 3 p(yiler = k)p(zy = k) = 32, MG (y1s i, Si)

Q2: What distribution does p(yt) converge to after a long time?



Hidden Markov models: discrete hidden state

Discrete Hidden State, Continuous Observed State @
Tt € {1, v K}
)

p(xy = k) =m} @

p(ﬂft = k’mt—l = l) = Tk,l
p(yelze = k) = G(ys; pe, X))

ConsiderT=1

Q1: What type of distribution is p(yl) ?
py1) = 3 p(yiler = k)p(zy = k) = 32, MG (y1; pur, Si)

Q2: What distribution does p(yt) converge to after a long time?

K
stationary distribution of Markov chain satifies 7T,2° = 2l:1 Tkyl’ﬂ'loo



Hidden Markov models: discrete hidden state

Discrete Hidden State, Continuous Observed State @
Tt € {1, v K}
p(xy = k) =7} @
p(JJt = k’mt—l = l) = Tk,l
ConsiderT=1

p(yelwe = k) = Gy e, S
Q1: What type of distribution is p(yl) ?

p(y) = Yoppiler = k)p(zr = k) = 32, G (y1; bk, Eie)

Q2: What distribution does p(yt) converge to after a long time?

K
stationary distribution of Markov chain satifies 7T,20 = 2l:1 Tkyl’ﬂ'loo

p(ye) = > 1 p(yelze = k)p(ze = k)



Hidden Markov models: discrete hidden state

Discrete Hidden State, Continuous Observed State @
Tt € {1, v K}
p(xy = k) =7} @
p(JJt = k’mt—l = l) = Tk,l
ConsiderT=1

p(yelwe = k) = Gy e, S
Q1: What type of distribution is p(yl) ?

p(y) = Yoppiler = k)p(zr = k) = 32, G (y1; bk, Eie)

Q2: What distribution does p(yt) converge to after a long time?

stationary distribution of Markov chain satifies 7T,20 = zllil Tkyl’ﬂ'loo
P(ye) = 2op p(yelwe = k)p(we = k) = 320 722G (ye; bk, Tie)



Hidden Markov models: discrete hidden state

Discrete Hidden State, Continuous Observed State

Ty € {1, ,K}
p(z1 = k) =7} @
p(l"t = kll"t—l = l) =Tk,

p(yilre = k) = G(ye; pix, Bi)

Consider T =1

Q1: What type of distribution is p(yl) ?
p(y1) = 2, p(yiler = k)plar = k) = 30, MG (yas p, X

Q2: What distribution does p(yt) converge to after a long time?

stationary distribution of Markov chain satifies 7T,2° = Zlfil Tk,lﬂ'fo
p(ye) = 24 P(yelwe = k)p(ae = k) = 32, 722G (ye; b, L)

this HMM = Mixture of Gaussian Models with dynamic cluster assignments



Hidden Markov models: continuous hidden state (LGSSMs)

Continuous Hidden State @ @ @ e
latent  ~

K
zy € R Markov model

p($t|$t—1> = g(xt; Azpy, Q)observed - @ @ @ o
data
T

Continuous Observed State

D
e €R p(y1:T,$1:T) = Hp($t|$t—1)p(yt|$t)
p(ye|ze) = G(ys; Cxy, R) t=1
E.g.simpleexample K=2 D=1 ,
_ cos(f)  sin(6) 0
A=A { —sin(6) cos(0) } L v W W T
A=099 6=27/10 §§ e
10 8 i
C = [17 O] R =0.01 ] § % 10 2 30 40 ime /Z‘?implessb 70 8 % 100
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Varieties of Inference

Distributional estimates infer single state or sequence?

t T t T
% marginal joint
s
g ”Ml filter p(ze|yr:e) P(@1:ely1:e)
© t T
©
el
g ”m smoother p(xt’ylzT) p(l’l:T’yl:T)
5 T

1 LGSSM pLxprl '3\:1') = G ket :)}Lr.r ,Zm‘y

<) 7(‘1'.\‘ = lAHT L) g dX e { =) Xee = Xyr
Poely) = Glxey fy 2y

Yo = Me



Varieties of Inference

Distributional estimates infer single state or sequence?
[ T T T
% marginal joint
8
S ”M filter p(xt|y1:e) p(T1:¢|y1:¢)
© t T
©
el
£ smoother p(zt|y1.7) p(z1.r|y1r)
2
2 T

Point estimates most probable

most probable state @ t o seauence
Ty = argxrtnax p(x|y1.7) e = ar%clrzl;lax p(z1.r|y1.T)
2. Dijccete Widdon Stle MM J <2 Log]
P
R xﬂ [o7,09)” '
\ ! 0 ')

Pltm\a-,m Lob, 04]?



Varieties of Inference

Distributional estimates infer single state or sequence?
t T t T

% marginal joint
s
¢ PR fier p(@elyrr) P(w1:4[y1)
e t T
©
©
g ”M smoother p(xe|yr.r) p(z1.7|y1.T)
E T

i i t probabl
Point estimates most probable state @ t i Q;Zie%?ea N

* /
x; = arg max p(¢|y1.r) zy.p = arg max p(z1.r|yi.r)
T T1:T

. . ?
Question: are these estimates the same z}., = ., for

1. Linear Gaussian State Spate Models?

2. Discrete Hidden State HMMs?






Varieties of Inference

Distributional estimates infer single state or sequence?
t T t T

% marginal joint
s
s PR fier (zelyn:0) P(w1.aly1:1)
e t T
©
©
g ”M smoother p(xe|yr.r) p(z1.7|y1.T)
E T

i i t probabl
Point estimates most probable state @ t i ?e?qie?\?ea N

* /
x; = arg max p(¢|y1.r) zy.p = arg max p(z1.r|yi.r)
T T1:T

. . ?
Question: are these estimates the same z}., = ., for

1. Linear Gaussian State Spate Models? x‘l‘:T e xll:T (Gaussian)

2. Discrete Hidden State HMMs?



Varieties of Inference

Distributional estimates infer single state or sequence?
t T T T

% marginal joint
s
¢ PR fier p(@elyrr) P(w1:4[y1)
© [ T
©
©
g ”M smoother p(xe|yr.r) p(z1.7|y1.T)
E T

i i t probabl
Point estimates most probable state @ t i Q;Zie%?ea N

* /
x; = arg max p(¢|y1.r) zy,p = arg max p(z1.7|y1.7)
Tt T1:T

. . ?
Question: are these estimates the same z}., = ., for

1. Linear Gaussian State Spate Models? 7., = ., (Gaussian)

2. Discrete Hidden State HMMs? iy # Ty



Varieties of Inference

Distributional estimates infer single state or sequence?
look at this next t T B T

- marginal joint
E N
s PR fier p(elyne) P(w1.aly1:1)
© [ T
8
g ”M smoother p(xe|yr.r) p(z1.7|y1.T)
E T

i i t probabl
Point estimates most probable state @ t i ;T;Zie?‘?e ave

* /
x; = arg max p(¢|y1.r) zy.p = arg max p(T1.7|yi.T)
T T1:T

. . ?
Question: are these estimates the same z}., = ., for

1. Linear Gaussian State Spate Models? 7., = ., (Gaussian)

2. Discrete Hidden State HMMs? iy # Ty






Inference: Kalman Filter

p(fﬂt—l |y1:t—1)

-5 0 5
T

p(CEt—l |y1:t—1)



Inference: Kalman Filter

p($t71 |y1:t—1)

-5 0 5
X
P\Tt—1|Y1:t—1 sum for discrete hidden state
diffuse via ( | ) ¥
dynamics

p(Te|y1:e—1) = /p(mt\xt—ﬂp(ﬂft—l|y1:t—1)dfﬂt—1



Inference: Kalman Filter

p($t71 |y1:t—1)

P($t|y1:t71)

5 0 5
X
P\Tt—1|Y1:t—1 sum for discrete hidden state
diffuse via ( | ) ¥
dynamics

p(Te|y1:e—1) = /p(mt\xt—ﬂp(ﬂft—l|y1:t—1)dfﬂt—1



Inference: Kalman Filter

p(ﬂﬂt—l |y1:t—1)

p(ze|yr:e-1)
p(Te|yr:e-1)
-5 0 5 -5 0 5
X X
Tt—1|Y1:t—1 sum for discrete hidden state
diffuse via p |y ) ¥
dynamics

mt‘ylt 1) /p(l’t\l’t1)P(It1|y1:t1)d$t1

combine C
with
likelihood Tt\Ul t) X p(l’t\yl t— 1)p(yt\$t) Bayes' Rule

prior likelihood



Inference: Kalman Filter

p(ye| )

p(xt—1|y1:t—1)
P($t|y1:t—1)

p($t|y1:t—1)
5 0 5 5 0 5
X X
P\Tt—1|Y1:t—1 sum for discrete hidden state
diffuse via ( | ) ¥
dynamics

D l’t\ylt 1) /p(l’t\l‘t1)P($t1|y1:t1)d$t1

combine C
with
likelihood p(xe|yr:e) o p(@e|yr:e—1)p(ye|xe) Bayes' Rule

prior likelihood



Inference: Kalman Filter

p(xelyre)

P(yelae)

p(ﬂct—1|y1:t—1)
p($t|y1:t—1)

p(l‘t|y1:t—1)
5 0 5 5 0 5
XT T
P(ZTt—1|Y1:t—1 sum for discrete hidden state
diffuse via ( | ) ¥
dynamics

p ﬂUlt|1/1 t— 1) /P(xt\flft—1)20($t—1|y1;t—1)d$t—1

combine C
with
likelihood p(xe|yrg) o p(ee|yre—1)p(ye|ee) Bayes' Rule

prior likelihood



Inference: Kalman Filter

recurse + 1
p(xe|y1:¢) p(xe|y1:e)
p<yt|-71t>
P(@e—1|Y1:6-1)
P(l’t|y1:t—1)
P($t|y1:t—1)
-5 0 5 5 0 5 5 0
e T X

diffuse via
dynamics

( p Tt—1 y1 t— 1) y— sum for discrete hidden state
P(xe|yr:e-1) = /p(fﬂt|$t—1)p($t—1|y1:t—1)d9€t—1

combine C
with
likelihood p(xe|y1:e) o< p(@e|yrie—1)p(ye|2e) Bayes' Rule

prior likelihood



Inference: Derivation of General Filtering Equations

Model

FINONONE
variables

(infer these)
e () () ()
data
T

p(yur, T1r) = H p(xt|Te—1)p(ye|2)
t=1



Inference: Derivation of General Filtering Equations

Model Rules of probability
v;;a’i':aetﬂ':es /V @ @ product rule
(infer these) AlB.C) = _ 1 Bl|A.C)p(A|C
p(A|B. ) = Srgray P(BIAC)P(AIC)

R ONONONES
data
T

p(yrr, v17) = Hp(«Tt‘5171‘,—1)])(%‘5171‘,) p(A|C) =3 5 p(A,B|C)

t=1

sum rule



Inference: Derivation of General Filtering Equations

Model Rules of probability Inference
o (o)
(infer these) p(A|B,C) = m p(BIAC)p(AIC)
observed/, @ @ + — ?
data -
T sum rule

p(y1.1, 1) = Hp(l?g‘:l?t,l)p(y,\:z:t) p(A|IC) =X 5 p(A, B|O)

t=1



Inference: Derivation of General Filtering Equations

Model Rules of probability Inference
vaI?itaet?IEes /' @ @ product rule
(infer these) p(A\B, C) = m p(B|A,C)p(A|C) _
observed/, @ @ + — ?
data
T sum rule
p(y1.7,T1.7) = Hp(:rt\;rt,l)p(yt\;1?1,) p(A|C) =X 5 p(A, B|O)

t=1

p(xe|y1:)



Inference: Derivation of General Filtering Equations

Model Rules of probability Inference
vaI?itaegI';s /V @ @ product rule
(infer these) AlB.C) = 1 BIA.C AlC
P(A1B,C) = Fgrey P(BIAORAIO) -

observed @ @ @ +
data
T sum rule

pyrr, vr) = [[ ez Op(ulz)  p(A|IC) = ¥4 p(A, BIC)

t=1

P(l‘t\yl:r) = p(xt|yt7yl:t—1)



Inference: Derivation of General Filtering Equations

Model Rules of probability
valiit:;tes /' @ @ product rule
(infer these) p(A|B,C) = m p(B|A,C)p(A|C)

observed > @ @ @ +
data
T

p(yr.T, T1.T) = H[’(Jl'r,‘mt—lﬁ)(?/t‘mt) p(A|C) =5 p(A, B|C)

t=1

sum rule

1’(-’171,\’!/1;1,) = P($t|ytay1:t—1)

product rule

m (el e, yre—1)p(Te|y1:e—1) A=z, B=y C

Inference

I
-~

= Y1:t—1



Inference: Derivation of General Filtering Equations

Model Rules of probability Inference

I € d ) na ) o

(infer these) p(A‘B’C):—p(BﬁC) p(BIA,CIP(AIC) -

e ONONOR =
T sum rule

pyrr, vrr) = [[ ez )p(ulz)  p(AIC) = ¥4 p(A, BIC)

palyie) = pledlye yre1)
product rule

1 / v
PWelyie—1) p(Yelze, Yra—1)p(Te|yrie—1) A=z B =y C =y
conditional independence from model

= m P(ele)p(xe]yr:-1) ye L yra—alze



Inference: Derivation of General Filtering Equations

Model Rules of probability Inference

I €2 () na C ST

(infer these) p(A‘B’C):—p(BﬁC) p(BIA,CIP(AIC) -

e ONONOR =
T sum rule

pyrr, vrr) = [[ ez )p(ulz)  p(AIC) = ¥4 p(A, BIC)

t=1

p(eilyre) = p(@elye, yr:e—1)

product rule
(Yelwe, yre—1)p(@e|yre-1) A= B=y C =y

conditional independence from model

= P(ytlyl1:t—1) p(ytlxt)p(‘rtlyl:t—l) Y L yr—1|z

1
p(Ytly1:t—1) p

X p(yf th)p(l't |y1:t—1) constant of proportionality P('.Uf‘]/l it—1 ) (see learning)



Inference: Derivation of General Filtering Equations

Model Rules of probability Inference

e )2 ©) e © S,

(infer these) p(A‘B’C):p_(BﬁC) p(BIAC)P(AIC) -

e ONONOR =
T sum rule

pyrr, i) = [[ iz )pule)  p(AIC) = ¥4 p(4, BIC)

t=1

pldyie) = p(@ye, yie—1)

product rule
(yeloe, y1e—1)p(@e|yr:e—1) A=2, B=y, C =y

conditional independence from model

= m P(yelze)p(zelyre-1) yr L yra—1la

1
Py P

X p(yt|xt)p(xt|y1:t—l) constant of proportionality P(’,’/t‘l’/l:f—]) (see learning)

p(xe|y1ie—1)



Inference: Derivation of General Filtering Equations

Model Rules of probability Inference

I €2 () na C ST

(infer these) p(A‘B’C):—p(BﬁC) p(BIA,CIP(AIC) -

e ONONOR =
T sum rule

p(yr.r,T1.T) = Hp(wf,\afm)p(yz\wt) p(A|C) =Y 5 p(A, B|C)

t=1

plzdyie) = p(@elye, yr:e—1)

product rule
(Welwe, yre—1)p(@e|yre—1) A=z B=uy C =y

conditional independence from model

= P(ytlylu—ﬂ p(ytlxt)p(‘rtlyl:t—l) Y L yr—1|z

1
p(Ytly1:t—1) p

X p(yf xt)p(xt |y1:t—1) constant of proportionality ])(']/f‘]/] -1 ) (see learning)

sum rule

p(zelyr:e—1) = fp(xtvxt—ﬂyl:t—l)dxt—l A=z B =21 C = Y141



Inference: Derivation of General Filtering Equations

Model Rules of probability Inference
valfitaet;tes/' @ @ product rule
(infer these) AlB.C) = 1 BIA.C)p(A|C

PAIB,C) = Sy pBIACHAIC) o

e ONONOR
data
T sum rule

pyrr, vrr) = [[ ez )p(ulz)  p(AIC) = ¥4 p(A, BIC)

t=1

p(ailyre) = p(@elye, yr:e—1)

=_ 1
p(Ytly1:t—1) p

product rule
(Yelwe, yre—1)p(@eyre—1) A= B=y C =y

conditional independence from model

= P(ytlylu—ﬂ p(ytlxt)p(‘rtlyl:t—l) Y L yr—1|z
X p(yf xt)p(xt|y1:t—1) constant of proportionality ])(']/f‘]/]:f—]) (see learning)
sum rule
p(zelyr:e—1) = fp(xt7$t—1|y1:t—1)dxt—1 A=z B =21 C = Y141

= [p(@e|@i—1, Yr:—1)P(@e—1|y1:6—1)dxs—1  product ruie



Inference: Derivation of General Filtering Equations

Model Rules of probability Inference
V!“a,itae;l';s /V @ @ product rule
(infer these) AlB.C) = 1 BIA.C AlC
p(A|B,C) 2(BIOY p(B|A,C)p(A[C) — 9

observed @ @ @ +
data
T sum rule

p(yrr, v17) = HP(Iz\It—l)P(yz\It) p(A|C) = ZBP(AvB‘C)

t=1

plzelyie) = p(@e|ye yr:e—1)
product rule

= m p(Yelze, Yra—1)p(Te|yrie—1) A=z B =y C=yii

conditional independence from model

= m P(elee)p(xe]yr:-1) Yo L yra—alze
X p(yt|xt)p(-’rt|y1:t71) constant of proportionality [)(,Ul‘!/lzi—l) (see learning)
sum rule
p(xe|yr:e—1) = fp($t,$t—1|y1:t—1)d$t—1 A=uxy B =21 C = yr4

= [p(@e|wi—1, Yr:—1)P(@e—1|y1:6—1)d@s—1  product ruie

= fp(l?t |Jlt,1 )p(.’Et_l |’y1;t_]_ )dxt_]_ conditional independence from model



Inference: Kalman Filter

p(a?t—l\yl:t—l)

diffuse via
dynamics

p($t|y1:t—1) = /p($t|$t—1)p(fﬂt—1|y1:t—1)d$t—1

combine
with
likelihood

p(@e|yi:e) o< p(@e|yre—1)p(yelwe)

prior

likelihood

p(Te-1ly1:0-1) fj
5 s

o
T

p(xilre-1)

p(ztlyl.tl)é? %
h o s
T

p(@elyre)

p(yelze)



Inference: Kalman Filter

4— most recent data used

_ o t—1 t—1 in prediction
p(@i-1lyr:e-1) = G(@e—150_1, Vi 1)
¥~ variable being predicted
diffuse via
dynamics

p(fﬂt|y1:t—1) = /p(xt\iﬁt1)p($t—1|y1:t—1)d$t—1

combine
with
likelihood

p(xelyre) o p(aelyre—1)p(ye|ee)

prior likelihood

plae-1lyre-1)

play|ai—1)

p(elyr:e-1)

P(ye|ae)

g

p(@elyre)



Inference: Kalman Filter

4— most recent data used

-1 i1 in prediction plae-1lyre-1)
p(@e-1ly14-1) = G(@e-15 -1, Vi 1)
¥~ variable being predicted
diffuse via

5 o 5

dynamics v

I‘(-"«\-"l 1)
p(fﬂt|y1:t—1) = /p(xt\iﬁt1)p($t—1|y1:t—1)d$t—1

p(@e|y1:6-1)
p(elyri—1) = Glagpy V) N
combine

with
likelihood

p(xelyre) o p(aelyre—1)p(ye|ee)

prior likelihood




Inference: Kalman Filter

p(l"t—1|y1:t—1)

diffuse via
dynamics

p($t|y1:t—1)

p(xt‘ylzt—l)

combine
with
likelihood

p(xe|yre) o< plae|yie—1)p(ye|ae)

in prediction
= g(xt 1) Ht 17V )

=/p($t\£13t1)p($t—1|y1:t—1)d$t_1 tgivaf;fdeso

zg(mt,ut 1 Vt 1) //Li_l:A/aLt:l - g .

‘/ most recent data used P(@rlyrir)

\ variable being predicted

play|ai—1)

p(elyr:e-1)

Vil = AV AT +Q

p(@elyre)

variance
inflates ~ P(uele

)

prior likelihood s o s



Inference: Kalman Filter

K most recent data used

in prediction PlEeilyre-1)
p(xi-1ly1:4-1) = G(21-1; Mt 17 V )
\ variable being predicted
diffuse via

5 ] 5

dynamics x

. I‘(J"«\-I'I |)
p(xe|y1:e—1) :/p(iﬂt\xt—l)P(ﬂﬁt—l|y1:t—1)d$t_1 tgl\rvf:?de%

p(elyr:e-1)

Lot—1 yst—1 t—1 _ t—l

p(xelyre-1) = Glaepy VY 1 —AM i
T

combine ‘/t AV A +Q

with p(aelyi:e)

likelihood variance

inflates ~ Putlee)
])(:I;t ‘ylif) X p(l't |y1:t—1)p(yt ‘xt)

prior likelihood

p(e|yre) = Gae; pf, Vi)



Inference: Kalman Filter

‘/ most recent data used

in prediction P(@e-tlyre-1)
p(@i—1lyr—1) = Gz pi—1, Vi)
\ variable being predicted
diffuse via

5 o 5

dynamics v

p($t|y1:t—1) =/p(xt\iﬂt—ﬁp(fﬂt—l|y1:t—1)d$t—1 tglevf:fcje%

plailze-1)

p(@e|y1:6-1)
p(e|y1:e-1) = g(wt,ut ! Vt 1) ui_l = Ayt:
Vit = AV AT +Q

combine
with p(aelyi:e)
likelihood variance
inflates ~ Pluel
p(zeyre) o< p(@e|yrie—1)p(ye|ze)
prior likelihood prediction corzection 5 3 ]
x

. — AN t t t—1 t—1

p(zelyre) = G(me; g, Vy') py=pe o+ Kie(ye — Cpy )

Vf fo Kfcvfi
Kalman gain —» /{", — Vf 1CT(CV;# 1CT + R)i



Kalman Filter Demo

» data: y; = sin(wt) + oye; where ag =0.1
» model: z; = Az;—1 + on and y; = + oy
where A = 0.99 and 02 =1 — \?

» demo shows how the Kalman filter processes the data to form
estimates of the hidden state at each time point p(z¢|y1.¢)



Kalman Filter Demo

observed noisy data y;, ground truth sinusoid
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time step

observe first data point 1



Kalman Filter Demo

observed noisy data y;, ground truth sinusoid
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posterior over first latent variable p(z1|y1)
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time step
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Kalman Filter Demo

observed noisy data y;, ground truth sinusoid

15+
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> 0+
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time step

prediction for second latent variable p(a2|y;)



Kalman Filter Demo

observed noisy data y;, ground truth sinusoid
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time step

observe next data point 1o



Kalman Filter Demo

0.5

-0.5

observed noisy data y;, ground truth sinusoid

T
5 10 15 20 25 30 35 40 45
time step

form posterior over second latent variable p(z2|y1, y2)

50



Kalman Filter Demo

observed noisy data y;, ground truth sinusoid

50
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> 0-
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15 T T T T T T T T T 1
0 5 10 15 20 25 30 35 40 45
time step

prediction for third latent variable p(z3|y1, y2)



Kalman Filter Demo

observed noisy data y;, ground truth sinusoid
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observe next data point y3
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Kalman Fi

0.5

-0.5

[ter Demo

observed noisy data y;, ground truth sinusoid

T
0 5 10 15 20 25 30 35 40 45

time step

form posterior over third latent variable p(z3|y1, y2, y3)

50



Kalman Filter Demo
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-0.5

observed noisy data y;, ground truth sinusoid

T
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time step

prediction for fourth latent variable p(z4|y1:3)
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Kalman Filter Demo

observed noisy data y;, ground truth sinusoid

15+
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.
0.5
> 0+
05-
14
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time step

observe next data point 4



Kalman Filter Demo

0.5

-0.5

observed noisy data y;, ground truth sinusoid

T
5 10 15 20 25 30 35 40 45
time step

form posterior over fourth latent variable p(z4|y1.4)

50



Kalman Filter Demo

observed noisy data y;, ground truth sinusoid
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time step

prediction for fifth latent variable p(5|yi.4)
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Kalman Filter Demo

observed noisy data y;, ground truth sinusoid
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time step

observe next data point ys



Kalman Filter Demo

0.5

-0.5

observed noisy data y;, ground truth sinusoid

T
5 10 15 20 25 30 35 40 45
time step

form posterior over fifth latent variable p(5|y1.5)
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Kalman Filter Demo

observed noisy data y;, ground truth sinusoid

50

15+
.
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> 0+
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time step

prediction for sixth latent variable p(zs|y1.5)



Kalman Filter Demo

observed noisy data y;, ground truth sinusoid

15+
.
14
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0.5
> 0+
-0.5+
14
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time step

observe next data point g



Kalman Filter Demo

0.5

-0.5

observed noisy data y;, ground truth sinusoid

T
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time step

form posterior over sixth latent variable p(zs|y1.6)
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Kalman Filter Demo

observed noisy data y;, ground truth sinusoid
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time step



Kalman Filter Demo

observed noisy data y;, ground truth sinusoid
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Kalman Filter Demo

observed noisy data y;, ground truth sinusoid

-0.5

T
0 5 10 15 20 25 30 35 40
time step



Kalman Filter Demo

observed noisy data y;, ground truth sinusoid
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Kalman Filter Demo

observed noisy data y;, ground truth sinusoid
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Kalman Filter Demo

observed noisy data y;, ground truth sinusoid
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Kalman Filter Demo
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observed noisy data y;, ground truth sinusoid

-0.5

T
0 5 10 15 20 25 30 35 40
time step
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Kalman Filter Demo
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Kalman Filter Demo

observed noisy data y;, ground truth sinusoid
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—k -1 L in prediction Hmtle
p(wi—1 = kly14-1) = Pt—l( )
¥~ variable being predicted
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dynamics v
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Inference: Forward Algorithm

4— most recent data used Pz Y1)
— k o t—1 L in prediction Heoin
p(zi—1 = klyre-1) = pi_1 (k)
¥~ variable being predicted

diffuse via o
dynamics x

play|ai—y)

p(ﬂSt = k\$t—1 = l)p(xt—l = l|y1:t—1) @
1 p(@e|yra-1)

]~
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=
K P
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combine =1
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likelihood
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p(xe = klyi4) o< p(zr = kly14—1)p(ye|ze = k)
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Inference: Forward Algorithm

4— most recent data used il
. k . t—1 k in prediction p(zi-1]y1e-1)
p(re—1 = kly1:4-1) = p;_1 (k)
¥~ variable being predicted

diffuse via ° T
dynamics K padzes)
p(xy = kly1:—1) = Zp(ib"t =klr; o = Dp(@i—1 = l|y1:0-1)

=1 plaelyre-1)

K 3 s s
pi (k) =D Tk, Do =3 (1) |
combine =1
with l
likelihood
p(xe = klyi) o< p(xe = klyr.e—1)p(ye|ze = k)

prior likelihood
pi(k) o py~  (k)p(ye|ze = k)

When implementing, take care with numerical underflow/overflow.
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How can we compute the likelihood efficiently?
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already retuned by Kalman Filter/Forward algorithm

1
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p(yt|y1;t71) is normaliser of filter/forward algorithm update

How can we compute the
smoothing estimate?
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LGSSM: Kalman Smoother
HMM: Forward-Backward= Algorithm



Computing the likelihood

How can we compute the likelihood efficiently?

p(yr.1) Hp (Yelyr:e—1)

already retuned by Kalman Filter/Forward algorithm

1

Pwiyr_1) p(yel@e)p(ey1:e-1)

P(il?t\illl:t) =
o8 p(ytlxt)p($t|y1:t71)

p(yt|y1;t71) is normaliser of filter/forward algorithm update

How can we compute the How can we compute the
smoothing estimate? most probable sequence?
/
1. = arg max p(ri. .
p(;pt|y1:T) 1:T %1271 p( 1~T|y1.T)
LGSSM: Kalman Smoother LGSSM: Kalman Smoother

HMM: Forward-Backward= Algorithm HMM: Viterbi Decoding
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The magic of the Forward Algorithm: Dynamic Programming

What's going on here?
. oo . . (k)
In discrete case, likelihood involves sum over all sequences: x

1:T
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all sequences k
Trellis diagram represents possible sequences:
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The magic of the Forward Algorithm: Dynamic Programming

What's going on here?

(k)

In discrete case, likelihood involves sum over all sequences: x

1:T
_ E : (k)
p(yl:T) — p(yl:Tv xl;T)
all sequences k
Trellis diagram represents possible sequences:
T X2 x3 Xy Ts5 Ze

_ 4 2K
K=4 X787
T=6 é;‘}\$ é;‘}\$vl‘\v 3
AW AWAN

Exponential number of sequences: KT
But Forward algorithm had linear complexity in time (loop over t)

Markov property means we can forget history of previous states:
just remember last one (dynamic programming/belief propagation)
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Maximum Likelihood Learning of HMMs: simple once inference is solved

log-likelihood: log p(y1.710) = log [ p(ya.1, z1.7]0)dz 1.7

gradient of
log-likelihood: % logp(y1:T|0) = m f %p(ylzT,xllee)d.%l;T

simple form: e.g. quadratic in x for LGSSMs
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Maximum Likelihood Learning of HMMs: simple once inference is solved

log-likelihood: log p(y1:710) = log [ p(y1.7, x1.7/0)d2 1.7

gradient of
log-likelihood: dil og p(y1.7|0) = mf%p(yhmh:ﬂe)dfﬂlf

simple form: e.g. quadratic in x for LGSSMs
show gradient depends E(O: 2171y = loe (s xs. 0) + low (s | 0
on simple moments (0; 217, y1.r) = D2, [log p(yi|ze, 0) + log p(z¢|xi—1,0)]

of posterior:

E(G; Z1.T, yl:T)
o108 p(y1:r10) = sy J ap exp(log p(yrr, w1.r|6))dar
d

do

log p(y1:710) = m [ p(y1:r, 21:0|0) L E(0; 2170, yr.7 ) dyr



Maximum Likelihood Learning of HMMs: simple once inference is solved

log-likelihood: log p(y1.710) = log [ p(ya1.1, z1.7]0)dz 1.7
gradient of d
log-likelihood: < log p(y1:7]0) = m f %P, v17|0)de

simple form: e.g. quadratic in x for LGSSMs
show gradient depends E(O: 2.7 1) = loe (v |z 6 loo (s |z 0
on simple moments O:z1.0,91.7) = Do, log p(ye|ae, 0) + log p(ai|2i—1,0)]

of posterior:

E(97 L1:T, yl:T)

a0 108 p(y1.710) = 5oy [ & exp(log p(yrr, w1:7(0))dwrr
S5 logp(y1.r|0) = O] [ p(rr, 21.7010) 35 E(0; 210, y1or ) dyr
d

dgl gp(ylzT|9) = fp(xl:T|y1:T79)%E(9;1’1:T7y1:T)d$1:T



Maximum Likelihood Learning of HMMs: simple once inference is solved

log-likelihood: log p(y1:7|0) = log [ p(y1.1, 1.7|0)dz1.7
;;radlienF of . d _ 1 d
og-likelihood: @ logp(yllee) = P10 f @p(ylzT,xl;TW)da:lzT

simple form: e.g. quadratic in x for LGSSMs
show gradient depends E(O: x4 ) — 1 . 1 .
on simple moments O:z1.0,y1:7) = >, log p(ye|ae, 0) + log p(wi|2i—1,0)]

of posterior:

E(9§ Z1.T, yl;T)

5 logp(y1.710) = sty | & exp(log p(yrr, x1.7|0))dwrr
log p(y1.710) = m fp Y117, T1: T|9) E(0; z1.7,y1.7)dT1T

Llog p(y1.r10) = [ p(zrr|yrir, 0) & E(0; w1, yi.r)deyr

QIQ C“IQ %IfL &~

1 p(y1.710) = <d0 E(0; x1f7y1:T)>p(xl:T|yl:T79)

requires posterior moments: marginals and pairwise marginals



Course Survey: please complete this!



